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Abstract 

We construct the positive principal series representations for W 9 (0e) where 
is of type B n , C n , F4 or G2, parametrized by W where r is the rank of g. 
We show that under the representations, the generators of the Langlands dual 
group Uq( L Qm) are related to the generators of U q (jJr) by the transcendental re- 
lations. We define the modified quantum group U q jj(gu) = U q (gn) ® Uq( L gn) 
of the modular double and show that the representations of both parts of the 
modular double commute with each other, and there is an embedding into 
the q-tori polynomials. 
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1 Introduction 

In this paper, we give the construction of the positive principal series representations 
for the quantum group U q (QR) and its modular double where g is of type B n , C n , F4 
or G2, generalizing our recent work [7] on the simply-laced case, thus completing the 
constructions corresponding to simple q of all types. The transcendental relations 
play an important role in the non simply-laced case, where it becomes a key tool 
to realize the generators of the Langlands dual in a very direct way. This will be 
explained below. 

The notion of the positive principal series representations is first introduced in 
[1] as a new direction of representation theory of split real quantum groups since 
the discovery of the concept of modular double for quantum groups 3 , and in the 
case for U qq ~(sl(2, M.)) the representations by Ponsot and Teschner [TT]. Let us recall 
the definition in the simply-laced case. Let Ei,Fi,Ki be the generators of U q (g-R) 
with the standard quantum relations, where q — e 7 ™ 62 , b 2 6 K \ Q and < b < 1. 
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Similarly let Ei,Fi, Ki be the generators of Uq(gm) by replacing b with b 1 , where 
q — e mb 2 . Then using the rescaled variables 

<* = 2 sinfrft 2 )^, fi = 2 sin(7r& 2 )Fi (1.1) 

and similarly for Si and fi with 6 replaced by 6 _1 , the positive representations has 
the following remarkable properties: 

(i) the generators Cijfi^K^ 1 and Si,fi,Ki are represented by positive essen- 
tially self-adjoint operators, 

(ii) the generators satisfy the transcendental relations 

ef =S h fr=fi, Kf =%. (1.2) 

Furthermore, by modifying the definition of e,, fi, Kf' 1 and the tilde variables with 
certain factors of iQ's, we also obtain the compatibility with the modular double 

U q q(flR) : 

(iii) the generators e.; , fi , K. i commute with e^, fj, 

However, when g is not simply-laced, the transcendental relations do not hold 
anymore. Rather, the transcendental relations relate g with its Langlands dual L g 
directly in the following sense. For each positive simple root oii, define 

q . =q Hoi,a i ) =e *ib 2 ij 

and let b s = bi when a, is a short root (see Definition 12. 2ft . 

Main Theorem. (Theorem \8.1)) Let q = e 7rlbs . Define the operators 

Si := (e;)^, (1.3) 
fi ■■= (Ji)%, (1.4) 
Ki := (Ki)%, (1.5) 



where 

ei = 2simrb 2 E il fi = 2simrb 2 Fi, (1.6) 

S t = 2 sin nb^ 2 %, fi = 2sin 7 r&r 2 F i . (1.7) 

Then the generators ofUq( L gg) is represented by the operators Ei, Fi and Ki, where 
L gK is defined by replacing long roots with short roots and short roots with long roots 
in the Dynkin diagram of g. 
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We remark that the Langlands dual appear as the commutant of the quantum 
group U q (Qs.) [7], an d this is once considered an appropriate construction of the 
Langlands dual quantum group [5]. Hence the Main Theorem about the transcen- 
dental relations gives a more explicit construction of the Langlands dual appearing 
in the context of representation theory of split real quantum groups, and further- 
more it cannot be obtained in the classical setting as b — > 0. 

With the above theorem, we define the (modified) modular double by 



and the main results of the paper are the following: 

Theorem 1.1. There exists a family of positive principal series representation for 
U q (gm.) and its (modified) modular double U^(qs.), parametrized by A G R r where 
r = rank{o), satisfying properties (i),(iii) and the Main Theorem above. 

More precisely, for every reduced expression for wq, we parametrize U^ using 
the Lusztig's coordinate, and construct explicitly the positive representations. For 
each change of words of wo, we establish a unitary transformation (Theorem I4.5p . 
so that in particular the family of positive representation is independent of choice 
of reduced expression of wg. 

Hence by choosing a "good" reduced expression for wq, we can write down ex- 
plicitly the positive representations for U q (Qs)- Not surprisingly, by the philosophy 
of folding of Dynkin diagram, we observe the following 

Theorem 1.2. The positive representations ofU q {Q^) of type B n , C n , F± and Gi 
can be obtained essentially (up to some quantized multiples) from the positive rep- 
resentations ofU q (Qs) of type A^n—x, D n+ \, Eq and respectively under certain 
identifications of roots. 

Finally, as in the simply-laced case, by using the modified version U q q(gu) of 
the modular double, we have the following properties. 

Theorem 1.3. The commutant of U^{qm) is the Langlands dual group U^( l qm(). 

This is just the restatement of (iii) of the positive representations. 

Theorem 1.4. Let s (resp. I) be the number of indices corresponding to short 
(resp. long) roots, so that s + I = 1(wq). Then we have an embedding 



of the modified modular double into the Laurent polynomials generated by s q s -tori 
and I qi-tori and their modular double counterpart. 

The paper is organized as follows. In Scction[2j we fix some notations and recall 
the definition of U q (qu) of general type, the definition of the quantum dilogarithm 
function, and Lusztig's parametrization of the positive unipotent semi-subgroup 



U q ,(fl R ) :=U q (g K )®U^V), 



(1.8) 



U^(3m) ^ C[T^ 



(1.9) 
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Uy Q of G. In Section [31 we give the general construction of the positive representa- 
tions for Fi and Ki, and the action of Ei for a particular choice of wq. In Section 
21 we study in detail the positive representations of U q (Qs_) where q is of type B2, 
and describe the transformation needed to relate different reduced expression of wq. 
In Section [5] and |6] we give the explicit action of the positive representations of all 
type. In Section [7] we describe the relations between the positive representations 
and folding of Dynkin diagram. In Section |FJ we prove the main theorem about 
the transcendental relations which is related to the Langlands dual quantum group. 
Finally in Section we introduce the modified quantum group U q q(gR) and state 
the main theorems about the positive representations of the modular double, the 
Langlands dual as the commutant, and its embedding into the g-tori. 

2 Preliminaries 

Throughout the paper, we will let q = e™ b with < b 2 < 1 and b e K \ Q. 
2.1 Definition of W g (gM) 

We recall the definition of the quantum group U q (Qin) where g is of general type 



Definition 2.1. Let I denote the set of nodes of the Dynkin diagram of q, with the 
following labelling. Here the black nodes correspond to short roots, and white nodes 
correspond to long roots. 

The Dynkin diagram for Type B n is given by 



2, 10, 




o 



1 



2 



3 



4 



■5 



n 



and the corresponding Cartan matrix is given by (1 < i, 



j < n): 



f 2 i=j, 
= J -2 (i,i) = (l,2), 



(2,1), 



(2.1) 



I otherwise. 



The Dynkin diagram for Type C n is given by 




1 2 3 4 5 n 




j < n): 



(2,1), 



(2.2) 



The Dynkin diagram for Type F4 is given by 



5 



12 3 4 



and the corresponding Cartan matrix is given by 
A = (aij) = 



( 


2 


-10 


\ 




-1 


2-10 









-2 2 -1 




\ 





0-12 





(2.3) 



where 1,2 are short roots, 3,4 are long roots. 
The Dynkin diagram for Type Gi is given by 



1 2 

and the corresponding Cartan matrix is given by 

A=(oij) = 



2 -1 
-3 2 



(2.4) 



Definition 2.2. Let (— ,— ) be the inner product of the root lattice. Let a iy i e I 
be the positive simple roots, and we define 



q 



(2.5) 



In the case when g is of type B n , C n and F4, we define b\ — b, and b s — . with 
the following normalization: 



Qi = 



i is long root, 
= qi i is short root. 



(2.6) 



In the case when g is of type G2, we define 6; = b, and b s = with the following 
normalization: 



Qi 



e" 1 = q i is long root, 
= i is short root. 



(2.7) 



Definition 2.3. Let A = (ciij) denote the Cartan matrix. Then U q (g-R) with q = 
e mb ^ is generated by E i} and Kf 1 , i e I subject to the following relations: 



[Ei,Fj] 



'/, " FjKi, 



Sij- 



Qi - 1, 



-1 ' 



(2.8) 
(2.9) 

(2.10) 
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together with the Serre relations for i =/= j : 



n=0 
1-a.i 



EVd- ^I^'L - F? Fj F}-^ = 0, (2.12) 



n=0 



an - n\ qi \[n iqt 



where [n] g — q q _ q -i ■ We also define Hi so that Ki — q?* . 
2.2 Quantum dilogarithm 

Let us briefly recall the definition and some properties of the quantum dilogarithm 
functions [7]. 

Definition 2.4. The quantum dilogarithm function Gb(x) is defined on 
< Re(z) <Q by 

— ( f e* tz dt\ 

G h {x) = Cb exp (e , M _ 1)(e , t -it_ 1) T j, ( 2 -13) 

where 

Cfc = e ¥(^F^), (2.14) 

and the contour goes along R with a small semicircle going above the pole at t = 0. 
This can be extended meromorphically to the whole complex plane. 

Definition 2.5. The function gb{x) is defined by 

9b{x) = rT^-, . (2.15) 

where log takes the principal branch of x. 

We will need the following two properties of gb(x). 

Lemma 2.6. |<7&(x)| = 1 when x G R+, hence gb(X) is a unitary operator for any 
positive operator X . 

Lemma 2.7. If uv = q 2 vu where u,v are positive operators, then 

gb{u)*vgb{u) = q~ 1 uv + v, (2.16) 
gb{v)ugb{v)~* = u + q~~ uv. (2-17) 

If uv — q A vu, then we apply the Lemma twice and obtain 

gb(u)*vgb{u) = v + [2} q q 2 vu + q A vu 2 , (2-18) 
gb(v)ug b (v)* = u+[2] q q- 2 uv + q- A uv 2 . (2.19) 
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As a consequence of the above Lemma, we also have the following 

Lemma 2.8. If uv = q 2 vu where u,v are positive essentially self-adjoint operators, 
then u + v is postive essentially self-adjoint, and 

(u + v)^ = +v~& (2.20) 

2.3 Lusztig's data 

The following are described in detail in [TU] . Recall that for any simple root a, E A 
there exists a homomorphism SLi (K) — > G denoted by 



1 a 
1 



h+ Xi (a) G U+, (2.21) 



q 6 -i j - \,(b)€T. .2.221 



1 

c 1 



yi(c)e^- (2.23) 



called the pinning of G, where T is the split real maximal torus of G, and XJf and 
L^ - are the simple root subgroups of U + and U~ respectively. Then the positive 
unipotent semigroup is defined by the image of the map M" l — > U + given by 

(ai,a 2 , —,a m ) n- x n {ai)x i2 (a 2 )-.x in (a m ), (2.24) 

where Si 1 Si 2 ...Si m is a reduced expression for the longest element wq of the Weyl 
group W . 

Lemma 2.9. We have the following identities: 

Xi(b)xi(a) = Xi(b 2 a) Xi (b), (2.25) 
x l {a)y j {c) = y (c)x t (a) ifi^j, (2.26) 

x l {a)x l {b)y l {c) = y. t ( — — -^)Xi( 7 — — TTj)- (2-27) 

ac + b z ac + b z 

In the simply-laced case, assume the roots on and ctj are joined by an edge in 
the Dynkin diagram. Then we have 



Xi{b)xj(a) = x J (b' 1 a) Xt (b), (2.28) 

Xi(a)xj(b)xi(c) = Xj( )xi(a + c)xj( ). (2.29) 

a + c a + c 

3 Construction of positive representations 

Let us recall the classical construction. 
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Proposition 3.1. The minimal principal series representation for U(q®) can be 
realized as the infinitesimal action of g € Gr acting on C[/7> ] by 

g-f(h)=Xx(hg)f([hg} + ). (3.1) 

Here we write the Gauss decomposition of g as 

g = g-gog+ e c/> t >0 c/^ , (3.2) 

so that [g] + — g + is the projection of g onto U^ , and\\{g) is the character function 
defined by 

r 

x\{g) = W u T^ ( 3 - 3 ) 

i=l 

where r is the rank of qr, A = (A^) G C r and Ui = x l ~ 1 (5o) G ^>o- (One can also 
treat A :— A^a^ £ f)* where are the dual coroots.) 

Following [7[ , we will use the formal Mellin transformation of the form 

f(u) := ( F(x)x u dx 



on each variable, which transforms differential operators into finite difference op- 
erators. Using this technique, the positive representations in the simply-laced case 
are constructed in [7J. We extend the construction to all types as follows. 



Definition 3.2. Let us denote the Lusztig's coordinates ofUy given in Section 
by x\ , where i is the corresponding root index, and k denotes the sequence this root 
is appearing in Wq from the right. Similarly we denote by u| the Mellin transformed 
variables. We will also denote the Mellin transformed variables by Vi, 1 < i < 1(wq) 
counting from the left, and let v(i,k) be the index such that u\ — v v ui 1 y 

Example 3.3. The coordinates for A3 corresponding to wq = S3S2S1S3S2S3 is given 
by 

{ul,ul,u\,ul,u\,u\) = (v 1 ,v 2 ,v 3 ,v 4 ,v 5 ,v e ) 

Let qi — e' wlb ^ and Q = hi + b^ 1 (cf. Definition I2.2[) . We define the quantized 
action from the classical Mellin transformed action with the appropriate gi-number. 

Proposition 3.4. Choose the reduced expression for wq — wi^i-Si where w;_i is 
the reduced expression for wsi. Then the classical (Mellin transformed) action of 
Ei is given by 

El :f^(u} + l)f(ul + l), (3.4) 
and we define the positive quantized action by 

e- 2nbp *. (3.5) 



Qi i 1 

zb,~b Ul 
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For the operators Fi and Hi, we slightly modify the action from [7] so that the 
following hold for q of all type with Cartan matrix (ay). 

Proposition 3.5. Let r(J) be the root corresponding to the variable Vj. For any 
reduced expression wq, the classical Mellin transformed action is given by 

n / «(i,fc)-l \ 
Fi-.f^Y, I 1 ' E «*,rCj)«j-«?+2Ai (3.6) 

fc=l \ 3=1 / 

and i/ie positive quantized action is given by (with Xi £ W): 



k=l 



. /v(i,k)-l 
W + h\ a i,r{5) V i +U i + 2A * 



e 2 "^ . (3.7) 



The classical Mellin transformed action of Hi is multiplication by 

l(w ) 

Hi = £ -a>i,r(j) v j + 2 -^, (3.8) 

3=1 

and the quantized action (after rescaling) is given by 

Ki = qBi = e-yE'S' « 4 ,K«»*+aA 4 ). (3 . 9) 
Theorem 3.6. The action of Fi defined above satisfy the quantum Serre relations 

Proof. The method of the proof is similar to the approach givein in [3]. Let i 
corresponds to the short root and j the long root, and let us write 



^ = £[if(v)ke 2 ^, 



k=l 

where F^(v) are linear functions in v := (vi). Fix k,k\,k2,k-$ and denote by 

a mn = e 2 ^.^(v)-^(v), 
b n = e 2 ^-F t ^(v)-F^(y), 
c n = e 2 ^" -if(v)-if(v). 

That is, for each fixed terms we look at how much the factor of Fj is shifted by the 
action of the different components of Fi . The quantum Serre relations for simply- 
laced roots are proved in exactly the same way in [1] . However in the doubly-laced 
case the calculation is more involved. We observe from the explicit expressions that 

o>mn — 2 a nm , b n 2 2c n , (3.10) 
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and furthermore a mn only takes value in {0,1,2} while b n only takes values in 
{0, —2}. Then the quantum Serre relations for the long root Fj is equivalent to the 
vanishing of the following expression 

QSE <^=> [2 + bi] q ([ai2 + b 2 ] q [a 23 ~ a 31 + b 3 ] q + [2 - a 3 i + b 3 ] q [a 12 - a 23 + b 2 ] q ) 
+ [2 + b 2 ] q Qa 2 3 + b 3 ] q [a 31 - a V2 + b{\ q + [2 - a V2 + b{\ q [a 23 - a 3 i + b 3 ] q ) 
+ [2 + b 3 ] q ([a 3 i + 6i],[oi2 - a 23 + b 2 ] q + [2 - a 23 + b 2 ] q [a 3 i - a 12 + bi] q ) 
= 

which can be checked directly. The quantum Serre relations for type G 2 can be 
checked directly using the explicit expression given in Section El □ 



4 Positive representations of U q {QM) of type B2 = C2 
4.1 Lusztig's data and transformation 

From Section 12. 3[ we know that when g is of type B 2 = C 2 , the positive unipotent 
subgroup is parametrized by 



Xi(a)x 2 (b)xi(c)x 2 (d) = x 2 (d')xi(c')x 2 (b')xi(a r ), 



(4.1) 



where a,b,c,d,a' ,b' ,c ,d € M>o- Let us choose the following root subgroup on 
C 2 =Sp(A,R): 

fit \ 
10 
10 



x s (t) 



xi(t) 



\Q -t 1 / 



/ 1 \ 

10 

1 t 

\ 1 ) 



where x s and xi correspond to the short and long root respectively. 
Then we have the following transformation rules: 



Lemma 4.1. We have 



, abc 
R 



b' : 
d' 



s ' 

be 2 d 



S ' 

S = a 2 b + d{a + c) 2 . 



where 

R = ab + ad + cd, 
Furthermore, the transformation 

<fi : (a, b, c, d) n- (a', b' , c' , d') 

is an involution: 



(a",b",c",d") 



(a, 6, c, d). 



(4.2) 



(4.3) 
(4.4) 

(4.5) 
(4.6) 
(4.7) 
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4.2 Classical principal series representations 

Using the above transformation, we can find the classical principal series represen- 
tations for B 2 by commuting the corresponding root subgroup to the front. Under 
the Mellin transform, let t, v be the variables corresponding to the Lusztig's param- 
eter a, c of the short root, while u, w corresponds to the Lusztig's parameter b, d of 
the long roots. 

Proposition 4.2. Corresponding to wq — sis 2 sis 2 where 1 is short and 2 is long, 
we have 

dd 2dd , dd 2dd 
^ = - b d-a + -Fb + {1 -~b ) d-c-^dd> (48) 

E 2 = ±, (4.9) 
so that the corresponding Mellin transformed action on f(t,u,v,w) is given by 

Eh.:f i-> (l + t)/(t + l,« + 1,10-1), (4.10) 

+ (1 + 2u - v)f(u + l,t7 + 1, w - 1) + (1 + v - 2w)f{v + 1) 
E 2 :f ^ (l + w)f(w + l). (4.11) 

On the other hand, corresponding to wq = s 2 sis 2 si we have 

Ei = (4.12) 
aa 

a, a x <9 , a 2 . d a ,a .8 a 2 d 

E * = -^ 1 + ^d-a + {1 -^¥b + b^ + l ^c + ^ (413) 

so that the corresponding Mellin transformed action on f(t,u,v,w) is given by 

Ef.f ^ (l + t)/(t + l), (4.14) 
E 2 :f 1 — ^ (l-t + u)f(u + i) + (2-t + v)f(a-l,u + l,v + l) (4.15) 
+(1 - u + «)/(< - 2, u + 1, v + 2) + (1 + w)f{t - 2, v + 2, iu + 1). 

Tfte actions of F{ and Hi are given in Proposition \S. 51 

4.3 Explicit expressions 

Following the work in [7], we will construct the positive representations for l4 q (Qg.) 
by quantizing the weights of the Mellin transformed action appropriately, and in- 
troduce certain twisting to make the actions positive. 

Recall from Definition 12.21 that q\ = q? — e mb * and q 2 = q = e mb . Also let 
Q s = b s + bj\ 

Theorem 4.3. The positive representations corresponding to Wq — sis 2 S\S 2 for 
U q (QRj where g is of type B 2 is given by 
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Ei 



2b s b 



27rh(-p t -p„+p„) 



91 



Qs i ln s 
2b s -b {2U - V) 



91 



£■2 
F 2 



Qs %, „ x' 



Q i 



-2irbp v 



91 



26 6 



-27rbp u 



<!2 



^2irbp t 



91 



26, 



-(2Ai + 2i-2u + v) 



(4.16) 
(4.17) 



e 27rbp " + 



</2 



^- + -(2A 2 -t + 2M-w + w) 
26 6 



92 



^ _ gffl _ e TTb( — \l-t+U—V+w) 

jy- _ „«2 _ 7rb(-2A 2 +t-2ti+t>-2tu) 

/\2 — y 2 — e 

iVofe that for q { = e" 6 ?, 



26, 6 



e 2irbp _ e 7rh(«+2p) _|_ e 7rb(-u+2p) 



s 27r&p„ 

(4.19) 
(4.20) 

(4.21) 



(4.22) 



is a positive essentially self-adjoint operator whenever [p,u] = — U. 

On the other hand, the positive representations corresponding to wq = S2S1S2S1 
is more complicated, and is given by 



E x = 

E2 = 



Qs _ i. 
26, 6 



Q i 
2b-b W 



-2irbp t 



2nb(2 Pt -2 Pv -p w ) 



Q 1 < + \ 

2b-b {u - t] 



-2-Kbp u 



+ [2], 



Q i ( .' 



e 2nb{p t -Pu-Pv) _|_ 



92 



Q if ' 
26-6 ( " } 



(4.23) 
(4.24) 

27rb(2p t - Pll -2p„) 



92 



Fi = 



F, = 



e 2Tbp v + 



91 



^ + £(2Ai+t-2u + 2i;-2u;) 



91 



| + i(2A 5 + „,) 



e 2 7 rhp„ + 



^ + -(2X 2 +u- v + 2w) 



D 27r6p„ 



^ _ e wb(—Xi—t+u-v+w) 



K 2 



a irb(-2\ 2 +t-2u+v-2w) 



J2itbp t 

(4.25) 
(4.26) 

(4.27) 
(4.28) 



Hence one can see that the expression resembles that of the classical formula. 
However, it turns out that it is more natural to consider the rescaled version, where 
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for variables corresponding to the short root, we rescale by y/2, so that 

bu i— > b\[2u = 2b s u, 
b 

bp u i-> = b s p u . 

We will also rescale the parameters A s corresponding to short roots to v2A s . 

Hence let us introduce the following notation. Let u s and ui be a linear com- 
binations of Mellin transformed variables corresponding to the short root and long 
root respectively. (This also applies to the parameters Aj). Also let p s and pi be 
the corresponding shifting operators. 

Definition 4.4. We denote by 

[u s + Ui]e(p s +Pl) = e 7r ( b s n s+fci"()+27r(fc s p s +fc ; p i ) _|_ e -iv(b s u s +biui)+2ir(b s p 3 +bip l ) ^ 

(4.29) 

Then under the above rescaling, we can rewrite Theorem 14.31 as follows: 
Theorem [Op. Let 

ei := 2sin( 7 r6?).E i = ( E h (4.30) 

/ • \ _1 



fi := 2sin(7r^)F i = — F t . (4.31) 

\9i-Qi J 

Then the positive representations corresponding to Wq = S1S2S1S2 for l4 q (Qg) where 
Q is of type B 2 is given by 



ei 


= [t]e(-p t -p u + p w ) + [u- v]e(~p u -p v + p w ) + [v- w]e(- 


-PJ4-32) 


&2 


= [w]e(-p w ) 


(4.33) 


fx 


= [2\x-t]e{pt) + [2\x-2t + u-v]e(p v ) 


(4.34) 


h 


= [2A 2 +2t- u]e{p u ) + [2A 2 + 2t - 2u + 2v - w]e{p w ) 


(4.35) 




e Trb s (2\ 1 -2t-2v) e nb(u+w) 


(4.36) 


K 2 


e nb(2\ 2 -2u-2w) e Trb s (2t+2v) 


(4.37) 


On the 


other hand, the positive representations corresponding to wq = 


S 2 SiS 2 Si 



is given by 

ex = [t]e(-p t ) (4.38) 

e 2 = [w]e(2p t - 2p v - p w ) + [u- 2t]e{-p u ) (4.39) 

+[2] 91 [v - t]e(p t -Pu~ Pv) + [2v - u]e(2p t -p u - 2p v ) 

fx = [2Ai - v + w]e(p v ) + [2\x - t + u - 2v + w]e(p t ) (4.40) 

/a = [2A 2 - w]e{p w ) + [2A 2 - u + 2v - 2w]e{p u ) (4.41) 

J( x = e irb s (2\ 1 -2t~2v) e 'iTb(u+w) (4.42) 

K 2 = e nb(2^2-2u-2w) e Trb 3 (2t+2v) _ (4.43) 
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Proof. The commutation relations of the operators can be checked directly. Note 
that the action of Fi and Ki coincides with the one given in Proposition 13.51 □ 



4.4 Transformations of operators 

As in the simply-laced case, by quantizing <f> from (|4.6p . there is a unitary transfor- 
mation $ that intertwines the above action corresponding to the change of reduced 
expression wo — S1S2S1S2 = S2S1S2S1. 

Theorem 4.5. We define the transformation 

$ : i 2 (M 4 ) — > L 2 (R 4 ) 
f(t,u,v,w) ^ $f;=F{t',u',v',w') 



by 



whe 



G 2 

G.3 



9b(e 



$ = ToG 3 oG 2 oGi, 



7rb(u-\-w) — 2Trb s v-\-27rb(p w — p u ) \ 



g^^£,—7rb(u-\-w)-\-2 , Kb s v-\-27rb(p w — p u ) \ 1 
9b (e 71 ^ 8 ^ - v )+7r&tu+27r6«(pti— 



>) 



g b (g—Kb a (t—v)—-Kbw+2irb s (p v —pt)+2irb(p w —p u )'\ ' 
^ 6 / e 27r6»t+7r6(«;-u)+27r6 s (2p v -2p t )+27r6(p m -p u )^ 
g b ^ e -2TTb s t-Trb{w-u)+2Tib s (2p v -2p t )+27ib(p m -p u )^ 

and T is the transformation matrix of determinant — 1: 



( * \ 

u' 

v' 

V * J 



:=T 



( * ^ 




(° 


V2 


It 







2 


U 




i 




V w ) 




V o 


-1 



-V2 
2 








o / 



It 

V «> J 



Then $ is a unitary transformations, <& 2 = 1, and for any operators X, 

X\ — > <S>oX o®- 1 
gives the corresponding action on S1S2S1S2 < — > S2S1S2S1. 



(4.44) 

(4.45) 
(4.46) 
(4.47) 



(4.48) 



(4.49) 



Proof. The ratios of gb is well-defined since the argument commute with each other. 
Furthermore they are unitary by Lemma 12.61 For the proof, it suffices to apply the 
conjugation properties of gb from Lemma 12.71 to the positive representation of type 
£?2 given by Theorem l4.3l Note that the factor [2] 9l from E2 is obtained by applying 
G 2 using (j2~T8 l) -([2T9 j) . □ 
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5 Positive representations of U q (Qi$) 

From Theorem l4.51 together with the result of Theorem 5.2], we can find explicit 
expressions of the positive representation starting from any reduced expression of 
Wo, followed by applying the unitary transformations to the desired reduced ex- 
pression. Consequently, all the operators will be positive essentially self-adjoint. 
Furthermore, by bringing SiSjSiSj to the front of wq, all the commutation relations 
between Ei and Ej will be easy to check, while the commutation relations involving 
Fi follows from Theorem 13.61 and their explicit expressions. 
Actually, we only need the following transformations rules: 

Proposition 5.1. If i,j are not connected in the Dynkin diagram, corresponding 
to ...SiSj... < — > ...SjSi..., the operators transformed on f(u,v) simply by 

u < — > v. (5-1) 

Fori,j connected by a single edge in the Dynkin diagram, corresponding to 
...SiSjSi... 4 — > ...SjSiSj..., the operators transformed on f(u,v,w) as 

[w]e(-p w ) i — > [u]e(-p u -p v + p w ) + [v- w]e(-p v ). (5.2) 

Fori,j connected by a double edge in the Dynkin diagram, corresponding to 
...SiSjSiSj ... < — > ...SjSiSjSi... the operators transformed on f{t,u,v,w) as 

632} <— >@3S&, 632} «— > 631} ■ (5.3) 

Let us also rewrite the action of F{ and Ki from Proposition 13. 51 in terms of the 
rescaled variables using Definition 14.41 

Proposition [375T '. Let 

fi = 2smTrb 2 i F i = ( F. 

Then the quantized action of Fi is given by 

a 

fi = ^[-OrtfjVj + u k i - 2X i ]e(p k i ) (5.4) 
fc=i 

K . = e -27r5 i A i -EjS )) T6i«»rW),i''j (5.5) 
where Vj is the labelling given in Definition XS.'A 

5.1 Type B n 

Let us choose the following reduced expression for wq 

w = 1212 32123 4321234 ...n(n - l)...l...n 

where for simplicity, we denote by i := Si. Then by transposing the desired index 
to the right, and applying the rules from Proposition 15. II repeatedly, we obtain 
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Proposition 5.2. The action of Ei is given by 



ei 



EK 



2fc-2 



2A- 



,2fc-l 



] e M - E c- 1 )'^ + E K - «g e -ui E(-!)^ 



fc=l 



i=l 



k=l 



(=1 



iVoie i/iai i/ie variable u 



is non-existent. 



The action of Ei for i > 2 is given by 



2(n— i)+l 



«i = E [(-!)*«! - e E (-i) h Pi + E (-1)^+1 



fc=i 



s 2 (fc) 

E< 

«3=1 



(5.6) 



(5.7) 



where ej = 2sinirbfEi and 

si(fe) := 2 
8 2 (k) := 2 



1, 



5.2 Type C„ 

Using the exact same expression for w;o as in type B n , we have the following action. 
Proposition 5.3. The action of E\ is given by 

n / 2/c-2 \ 



e x = ^[ttf-^e -rf-2X)(-l)' 



P2 



k=l 



1 = 1 



+ [2] 9s Et 



2 A' 



.2fe „.2fc-li 



-i4 



E(-d 



/c=i 



i=i 



n-l 



2 k- 



+ £[2u»- tt *]e -^- 2 £(-l) 



2 J 



(5.8) 



fc=i 



i=i 



while the action of Ei for i > 2 is the same as ([5 



5.3 Type F 4 

Let us choose the following reduced expression for Wq: 

w = 3232 12321 432312343213234 

which follows from the embedding B2 C -B3 C F4,. We will use the notation intro- 
duced in [5] to simplify the expressions. Let 

Pi = -p\+p\-p\ + 2p\~2p\ + 2p\-2p\+p\-p\ 

P 2 = -pI+pI-p\+p\-pI + 2pI-2pI+pI-pI+p\-pI + 2p\-2pI 

P-3 = -Pl-Pl+Pl-Pt+Pl+Pt-Pl-Pl+Pl~pl+Pl+Pl-Pt+Pl-P\ 
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and let Pi (x) be the partial sum of Pi from x (ignoring the coefficient) to the right 
most term. For example 

Pxipl) :=2pl-2 P l+p\-p\. 
Proposition 5.4. The action of Ei is given as follows: 

e a = [4]e(P 1 ) + [u i 2 -ul]e(P 1 (pt)) + [ul-2ut]e(-p 3 2 + P 1 (p 2 3 )) 

+ [2] qs [4 - ui]e(-p 3 2 +pi-p 5 3 + Pi(pl)) + [2u B 3 - 4]e(-p 3 2 + ft(p$)) 

+ [u 2 - 2u 2 A ]e(-pl +p\ -p\) + [2] qs [pt -pl]e(-p2+pl - pi + pi - pi) 

+ [2ui - u\\e{-p\ + i\(p§)) + [ul - u\]e{-p\), (5.9) 

e 2 = [4 2 ]e(P 2 ) + [4 - 4]e(P 2 (pi)) + [u\ - «?]e(ft(rf)) + [4 ~ 2uij]e(pi -pi + ft(p?)) 
+[2],. [u| - u B 3 ]e(pt -p% -pi + P 2 {pl)) + [2pt -pi]e(-pi + P 2 (pt)) 
+ [u\ - ui]e{P 2 {pi)) + [p 2 2 - p\]e(P 2 (pl)) + [2ul - u\]e{-p\ + P 2 (pl)) 
+ [ 2 k [4 - u\]e{p\ - pi- p\) + [ul - 2M3]e(-p2), (5.10) 

e 3 = [u 9 3 ]e(P 3 ) + [ul - ul]e(P 3 (pl)) + [ul - ul]e{-p% + P(p%)) + [4 - ul]e(-pl + P(pt)) 
+[ul - 4]e(-pl + P 3 (pt)) + [ul - u 6 3 ]e(P 3 (pl)) + [4 +4- u\]e{-p\ + P{p%)) 

+[4 - 4]e(- P i - P l + pi + pM)) + [ul -4- 4m-pI + p 3 (p!)) 

+[4 + 4- 4]e(-pl + Pi(p 3 )) + [4 ~ 4]e(-pl +pl + P3{pt)) 
+\u\ -4- ul]e(-pl +p\- p\) + [4 - u\]e(-pl), (5.11) 
e4 = [U4]e(-p4). (5-12) 



6 Positive representations of U q (Qi$) for type Gi 

Let wq = S2S1S2S1S2S1 where 1 is the long root and 2 is the short root. First let us 
descirbe the root subgroup x\(i) and X2 (t) embedded in SL(7), which can be found 
in 0. 

/1 000000\ 
1 t 
1 
xx(t) = 1 (6.1) 
1 t 
1 

yooooooi/ 



x 2 (t) 



( 1 







V 



-t 



-t -i 2 



2t 

1 






\ 









1 t 

1 J 



(6.2) 
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3 



2 



Using an equation solver, we found the relations between the Lusztig's parametriza- 
tion: 

xi(a)x 2 (b)xi(c)x 2 (d)x 1 (e)x 2 (f) = X2(a')x 1 (b')x2(c')x 1 (d')x 2 (e')x 1 (f') (6.3) 

(an explicit relation can also be found in 1 ). From this we can derive the classical 
principal series representation: 

Proposition 6.1. The classical principal series representation corresponding to 
wq = S2S1S2S1S2S1 is given by 

Ei = |o (6-4) 

ej_d_ + 3e£d_ + (2J_ _ ej_ + 2ef\ 8_ + /3/ _ 3eA 8_ 
be da c 2 db \ d be cd J dc \ e c 2 J dd 
2/ 2ef\ d 3/ d 
1 d cd) 8e e 5/' [b - b) 

and the Mellin transformed action on f(r,s,t,u,v,w) is given by 

E x :f^ (w + l)f(w + l), (6.6) 
E 2 :f i-> (l+r)/(r + l,«+l,t + l,w-l,«j-l) 
+(l + 3s-t)f(s + l,t + 2,v-l,w- 1) 
+ (1 + 3u - 2v)f(u + l,v + 1, w - 1) 
+(2 + 2t- 2u)/(t + l,u+ l,w - 1) 
+ (1 +2t- 3u)f(t + 2, u + 1, u - 1, w - 1) 
+(l + «-3«7)/(» + l). (6.7) 

To get the quantized action, we again rescaled the variables corresponding to 
whether the index are long or short root. Using the notation from Definition 14.41 
(with b s = -j=), we found the action as follows. 

Theorem 6.2. The action ofU q (g^) where Q is of type G2 corresponding to 
wo = S2S1S2S1S2S1 is given by 

e\ = [w]e(-p w ), (6.8) 
e 2 = [r]e(-p r - p s - Pt + Pv + Piv) + [s - t]e(-p s - 2p t + p v + p w ) 
+ [u - 2v]e(-p u - p v + p w ) + [2} q2 [t - v]e(-p t ~p u + Pw) 

+ [2t - u]e{—2p t ~p u +p v +p w ) + [v— w]e(-p v ), (6.9) 

where again ei = 2sixiirb 2 Ei. The action of Fi and Ki are given by Proposition 
^* as before. 



The action corresponding to wq = S1S2S1S2S1S2 can also be computed, and Ex 
consists of 13 terms. It can instead be obtained from the folding of the positive 
representations of type D4 described in the next section. 
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7 Folding of representations 



By comparing the action of C n given in Section 15.21 and the action of D n+ \ given 
in [7], there is a strong similarity between the action. In fact the action of Ei for 
i > 2 are identical. This holds in general due to the principal of folding of Dynkin 
diagram. 

In particular, this means that (using the labelling introduced in Section [2.1l and 

H) 

Theorem 7.1. The positive representations of C n corresponding to wq can be ob- 
tained from the positive representations of D n+ \ with s± in u>o(C„) replaced by sqSi 
in w a {D n+1 ). 




The positive representations of B n corresponding to wo can be obtained from 
the positive representations of A2 n —i with s n -k+i in wo(B n ) replaced by SkS2n~k 
in wo(A2 n -i) for 1 < k < n— 1. 

4 3 2 1 




2n- 1 




The positive representations of F4 corresponding to wq can be obtained from the 
positive representations of Eq with s\, S2, S3, S4 in woiF^) replaced by S1S5, S2S4, S3, sq 
in w (E 6 ). 

1 2 




Finally, the positive representations of G2 can be obtained from the positive 
representations of D4 with si in wq{G2) replaced by S0S1S3 in Wo(Di). 



3 W2 



D 4 



1 2 

G 2 
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Proof. First we rescaled q so that for non-paired index i, the action of Ei for 
Wo = Wi-iSi matches with the correct q. For example, we have to use U qs {D n+ i) 
where q s — qz so that it corresponds to the short roots in U q {C n ). 

Next we identify the variables corresponding to the paired roots in the simply- 
laced case. For example we let Uq — u\ and p$ = p\ in D n+ i. These will simplify 
certain expressions, and occasionally produce identical terms. 

Then we rescale the variables according to whether they correspond to short or 
long roots, much like the procedure described before Definition 14.41 

Finally, for the identical terms, we quantize the multiples with q s . For example 

2[v - t]e(p t -p u -p v ) i — ► [2] qs [v - t]e(p t - p u ~Pv)- 

□ 

8 Transcendental relations 

We recall from the simply-laced case that, if we define the following operators 

&i j fi ) aS. 

5 - (e^)* (8.1) 

I = (fi)$ (8.2) 

Ki = {Ki)$ (8.3) 

(8.4) 

Then the operators are precisely the same as replacing b with b , so that the 
operators 

% = (2sin7r6 _2 )" 1 e l , 
Fi = (2smnb- 2 )- 1 f l 

and Ki generates a representation of W§-(0r) where q — e 7 ' lb . In particular, the 
transcendental relations means that 

= e <xb-i(w-2p w ) + e irb-\- W -2 Pa ) ,_ ([ w ] e (- PrB )) t (8.5) 

which is due to Lemma T2.8I 

However in the case of non-simply-laced type, the tilde generators no longer 
generates Uq(gm), but rather short roots become long roots and vice versa. More 
precisely, we have the following Theorem. 
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Theorem 8.1. Let q = e Klh » ' and define qi = e 7 ™^ . Define the operators 

e % := (e;)^ (8.6) 
fi ■■= (fi)% (8.7) 



Ki := (Kt)^ 



where as before 



2smwbfEi, fi = 2smirb?Fi, (8.9) 



e t = 2smTrb~ z E u f t = 2s\u-Kb~ z F l . (8.10) 

Then the generators oflAq( L Q<gi) is represented by the operators Ei, Fi and Ki, where 
L 0k is defined by replacing long roots with short roots and short roots with long roots 
in the Dynkin diagram of q . 

This is a nontrivial result, since other than exchanging qi with qj, the corre- 
sponding quantum Serre relations also get interchanged, and there is no classical 
anaolgue of the above transcendental relations. 

To give the proof of Theorem 18. 1[ let us introduce the following notation. 

Definition 8.2. Let us denote by 

([u s + ui]e(p s +pi))* (8.11) 

the same notation as in Definition \4-4\ however with b and b s replaced by 6 _1 and 
b~ x respectively. 

We begin with a lemma. 

Lemma 8.3. Let Ei,Fi,Ki be the generators of Mq($g) of type B 2 where i = 1 
corresponds to the short root, and i = 2 corresponds to the long root. Then we have 

qi = e™ b *=qi, q 2 = e * lb2 =q, 

q 1= e^ 2 =q, q 2 = e™ 6 " 2 = qi , 

so that Ei,Fi,Ki generates Uq{Qs) of type C 2 where i = 1 corresponds to the long 
root and i — 2 corresponds to the short root. 

Proof. Let us choose the positive representation of B 2 corresponding to wq = 
SiS 2 SiS 2 given by Theorem I4.3f *° . Then the transcendental relations for E 2 is clear 
from (1831). 



The transcendental relations for E\ is less trivial. Let q s — q\ and write the 
terms in (I4.32[) as 

ei = [t]e(-p t -p u +Pw) + [u- v]e(-p u - Pv + p w ) + [v - w]e(-p v ) 
= {A-, + A+) + (A 2 + A+) + (A3 + A+) 
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where each bracket corresponds to the two terms in [— ]e(— ) so that 

A-t-A-i = q\A i Af. 

Then by direct calculation we can write the above sum as 

ei = A+ + A+ + A+ + A{ + A 2 + A^ 

so that each term q 2 commute with all other terms to their right, except for A3 and 
Ai where we have instead 

A3A2 = IsA^A^, A 2 A 3 — q s A 3 A 2 , 

Hence by Lemma \2~E[ we obtain 

(ei)^f = {A++A++A+ + AI +Az + A3-)* 

= (Af + A+)* + (A+ + A- x + A 2 " + A3)* 

= (A+ + A+)* + (A+ + Ar)* + (A 2 " + A3)* 

= (A+ 3 * + A+^?) 2 + (A+* +Af*) + (A^^? + A3 5 *) 2 

= A+* + [2} q ~q 2 - 1 A+A+ + A+* + A+* 

+A3-* + [2} q ~q 2 A^A^ + A 2 -* + Ar* 
= ([2u - v]e(2p w -p v - 2p u ))„ + [2]g 2 ([u - w]e(p w - p v - p„))* 
+ ([v - 2w]e(-p v ))*+)[t]e(2p w - 2p u - p t ))* 

Upon identification (t, u, v, w) < — > (w, v, u, t) we see that this is exactly the expres- 
sion (|4.39l) for the long root element E 2 of C2 with q replaced by q. 

Finally, the operators Fi,K\ < — > F2,K 2l qi < — > q% under the transcendental 
relations. The transcendental relations of Fi follows also from simple application of 
Lemma 12.81 and the transcendental relations for Ki is trivial. □ 

Proof. (Theorem I8.1[) In general, the transcendental relations for Fi , Ki can be 

checked directly from Proposition ^. SI *. Since each term of fi is gf commuting with 

1 

each other, we can apply Lemma l2.8l and induction to conclude that f i i has exactly 
the same expression with hi replaced by bT L 1 . Hence under the scaling of the short 
root it is equivalent to the Cartan matrix ((%■) being transposed. 

For the action of Ei, it suffices to choose a simple reduced expression of wq in 
order to check the commutation relation, much like proof given in [7j. In particular, 
we can choose the reduced expression of wq that ends with SiSjSi for simply- laced 
connecting root indices, or SiSjSiSj for doubly-connected root indices. Then we see 
from (|8.5[) and Lemma that the relations between Ei,Fi, Ki and Ej,Fj, Kj hold 
as generators of Uq( L QR). 
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Finally, the action E\ and E2 for Uq($g.) of type G2 corresponding to wq — 
S2S1S2S1S2S1 from Theorem 16.21 can be checked along the same line, and coincide 
with the action of E2 and E\ corresponding to wq = S1S2S1S2S1S2 with bi replaced 
hyb-\ ' ' □ 

Therefore we have the correspondence of generators: 




12 2 1 

G% G% 



9 Modified quantum group and its modular dou- 
ble 

As in the simply- laced case, we note that the generators Ei,Fi, Ki in general do not 
commute with Ei,Fi,Ki. For example, in type B2, the relation K1E2 = q~ x EiK\ 
implies 

K X E 2 = q^E 2 K 1 = -%Kx- 

More precisely, we have: 

Proposition 9.1. The generators Ei,Fi,Ki commute with Ei,Fi,Ki up to a sign. 
We have 

EiEj 

and similarly for Ei replaced by Fi . 

Hence as in [7], we modify the generators with powers of Ki in order to take 
care of the commutation relation between the generators and the other part of the 
modular double. It turns out the modification is exactly the same even for non 
simply-laced type, and the corresponding results are as follows. 

Proposition 9.2. For each node i in the Dynkin diagram, we assign a weight 
rii € {0, 1} such that \rii — Uj\ = 1 if i,j are connected in the diagram, so that rii 
alternates along the edges. 



= {-lyvKjEi 
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We define q := q A = e llxlb and 

m-.= { K % ni = Q ; (9.i) 

H I qf ifni = l, v ' 

where qi is defined by (|2.6p and (I2.7[) as before, and we define the modified quantum 
generators by 

Ei := q^EiK^, 

Fi := ql-^F t K^-\ 

Then the variables are positive self-adjoint. Let 

[A,B] q = AB-q- 1 BA (9.2) 

be the quantum commutator. Then the quantum relations in the new variables 
become: 

K t Ej = q," E,K,. (9.3) 

K t F 3 = q, " h\K,. (9.4) 

EiFj = FjEi if H^j, (9.5) 

M> F ^* = "TT^' ( 9 - 6 ) 
and t/ie quantum Serre relations become 

[[[[E j ,E i ]^,...E i ] (i ,,E i } cli ,E i ] = 0, (9.7) 

[[[[J , i,J , i] qi -^,.-Pi],J,-Pi],*,^] - 0. (9.8) 
We denote the modified quantum group by Uq(Qs). 

Hence we can now state the main theorem for Uqq(gR): 

Theorem 9.3. Let q := q 2 = e 27 ™ bs . We define the tilde part of the modified 
modular double by 

ej := (ej)^, (9.9) 

fi ■■= (fi)^, (9-10) 



Ki := (K^, (9.11) 



where as before 



e, = 2 smiirb^Ei, ft = 2 sin( 7 r6 2 )F l , (9.12) 

e, = 2 sin(^ 2 )^, ft = 2 sin^r 2 )^. (9.13) 

XTien the properties of positive representations are satisfied: 
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(i) the operators ei,fi,Ki and their tilde counterparts are represented by positive 
essentially self- adjoint operators, 

(ii) the operators E^ Fi, Ki generates the Langlands dual U^( l qts.), 

(Hi) all the generators Ei, Fi, Ki commute with all Ej. Fj, Kj. 

Therefore we have constructed the positive principal series representations of the 
modular double 

Uqq(flR):= CVfe)® E^Br), (9-14) 

parametrized by rank(g) numbers \ £ M. 

Not surprisingly, all the additional properties in the simply-laced case [7] also 
hold in the general case, with slight modifications. The proof of the following result 
is exactly the same as in the simply-laced case, thus justifying the notation of the 
modular double. 

Theorem 9.4. The commutant for the positive representation of C7q({jig) is gener- 
ated by Ei , Fi and elements of the form 

¥ k :=K;k} (9.15) 
for k = 1, n, where the vector b k — (b\, b\, b^) T satisfies 

Ab k = e k (9.16) 

where A = (tiij) is the Cartan matrix, and e& is the standard unit vector. Since 

this is just the weight lattice, the algebra generated by K b and Ki are the same. 
In particular, this means that the commutant of U^qm) is precisely its Langlands 
dual quantum group U^( L Q^). 

Let the index i corresponds to the coordinate parametrization {xi}, and bi as 
usual denotes b s or bi depending on whether the corresponding root is short or long. 
Let s (resp. I) be the number of indices corresponding to short (resp. long) roots, 
so that s + l = l(w ). LctCpT-J] := C[uf\ vf\ u^ 1 , v i ±1 ]|^ 1 o) , be the Laurent 
polynomials in the quantum tori variables that are positive self adjoint and satisfy 

u 4 Vj = qiV^Uj, UjVi = cfiVjUj, (9.17) 

which can be realized by 

Ui = e 2KbiUi , Vl = e 27rb ^, (9.18) 

and similarly for ui,Vj with 6,; replaced by Then we have Theorem ll.4l of the 
introduction generalizing the results of the simply-laced case. 
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Theorem 9.5. We have an embedding 



(9.19) 



In particular 




at 




is of type B 




>n —n.n- 



g is of type C, 



,12,12 



n 



is of type F 4 
is of type G 2 



Proof. The proof is exactly the same as in the simply-laced case, with scaling by 
appropriate Vs. Explicitly, as before let Vi denote the coordinate used in Proposi- 
tion [33] and r(i) its corresponding root. Then the unitary transformation can be 
obtained from multiplcation by the unitary functions 



whenever i> k, — and r(i),r(k) are adjacent in the Dynkin diagram. □ 
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